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The shear modulus of jammed frictional granular materials with the harmonic repulsive interaction
under an oscillatory shear is numerically investigated. It is confirmed that the storage modulus,
the real part of the shear modulus, for frictional grains with sufficiently small strain amplitude γ0
discontinuously emerges at the jamming transition point. The storage modulus for small γ0 differs
from that of frictionless grains even in the zero friction limit, while they are almost identical with
each other for sufficiently large γ0, where the transition becomes continuous. The stress-strain curve
exhibits a hysteresis loop even for a small strain, which connects a linear region for sufficiently small
strain to another linear region for larger strain. We propose a new scaling law to interpolate between
the states of small and large γ0.
PACS numbers: 45.70.-n,05.70.Jk,81.40.Jj
Introduction.– When the packing fraction φ exceeds
a critical value φc, amorphous materials consisting of re-
pulsive particles such as granular materials, colloidal sus-
pensions, foams, and emulsions turn into jammed solids
which have rigidity. Such a transition, known as the jam-
ming transition, has been the subject of extensive studies
over the last two decades [1, 2]. For frictionless grains,
the pressure increases continuously from φc, while the co-
ordination number Z exhibits a discontinuous transition
at φc in the hard core limit [3, 4].
An assembly of frictionless grains under a simple shear
exhibits a rheological continuous transition: the viscos-
ity diverges as φ approaches φc below, while the yield
stress increases continuously above φc [5–27]. The jam-
ming transition is also characterized by the appearance
of rigidity under an oscillatory strain above φc. For suf-
ficiently small strain, the elastic modulus of frictionless
grains is independent of the strain and the critical ex-
ponents for the jamming transition depend on the type
of the local interaction [3, 4, 28]. We call this regime
the linear response regime. For large strain, recent stud-
ies [29–34] have revealed that the real part of the shear
modulus, the storage modulus G, of frictionless particles
decreases with increasing strain as a result of nonlinear
response because of slip avalanches [35, 36]. The present
authors have proposed a scaling law of G to interpolate
between the linear and the nonlinear responses [30]. Note
that the storage modulus as the ratio to the stress to the
strain can be used even in the nonlinear response regime.
Most of previous studies, however, assume that grains
are frictionless, though it is impossible to remove contact
friction in experiments of dry granular particles and the
friction causes drastic changes in rheology such as a dis-
continuous shear-thickening with a hysteresis loop near
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φc [37–52]. Somfai et al. [53] have numerically investi-
gated the elastic moduli of a frictional system with the
aid of the density of state, and found that G/B with the
bulk modulus B in the linear response regime is propor-
tional to ∆Z, the excess coordination number relative to
the isostatic value. They have also found that ∆Z dis-
continuously appears at φc for frictional grains [53]. This
suggests that frictional grains with the harmonic repul-
sive interaction exhibit a discontinuous change of G at
φc even in the frictionless limit contrast to a continuous
change for frictionless grains [3, 4, 28].
The difference of the linear elasticity between the fric-
tionless limit and the frictionless case casts doubt on the
expectation that the scaling laws for the elasticity of fric-
tionless grains can be confirmed in experiments of grains
with sufficiently small friction coefficient. The accessible
shear strain in the experiment [29], however, is too large,
and does not correspond to the previous theoretical stud-
ies [3, 4, 30]. Also, little is known on the nonlinear elas-
ticity of jammed frictional grains. To clarify the effects
of the contact friction on the linear and the nonlinear
elasticities, we numerically investigate the shear modu-
lus of two-dimensional frictional granular materials near
the jamming point under an oscillatory shear.
Setup of Simulation.– Let us consider a two-
dimensional assembly of N frictional granular particles.
They interact according to the Cundall-Strack model
with an identical mass density ρ in a square periodic box
of linear size L [54]. The normal repulsive interaction
force F (n) is given by F (n) = k(n)r with the compres-
sion length r and the normal spring constant k(n), while
the tangential contact force F (t) in quasi-static motion
is constrained by the Coulomb criterion |F (t)| ≤ µF (n):
F (t) = k(t)δ(t) in the “stick region” for |δ(t)| < µF (n)/k(t)
with the tangential spring constant k(t) and the tangen-
tial displacement δ(t), while |F (t)| remains µF (n) in the
“slip region” for |δ(t)| ≥ µF (n)/k(t). To avoid crystalliza-
tion, we use a bi-disperse system which includes equal
2number of grains of the diameters d0 and d0/1.4, respec-
tively. The system is subjected to an oscillatory shear
with the shear strain γ(t) = γ0 {1− cos(ωt)}, where γ0
and ω are the strain amplitude and the angular frequency,
respectively. Then, we measure the storage modulus de-
fined by [55]
G(γ0, µ, φ) = −
ω
pi
∫ 2pi/ω
0
dtσ(t) cos(ωt)/γ0, (1)
where σ(t) is the shear stress. Note that the loss mod-
ulus exhibits only a linear dependence on ω and its φ-
dependence is relatively small [56]. We also point out
that G is almost independent of ω when the time pe-
riod of the oscillatory shear is sufficiently larger than the
relaxation time of the configuration of the grains. We,
thus, focus on the dependence of G only on γ0, µ, and φ
for sufficiently small ω. Further details of our model and
the ω-dependence of the storage and the loss moduli are
shown in Ref. [56].
Storage modulus for a given packing fraction.– To be-
gin with, we study the dependence of the storage modulus
on the friction coefficient µ. In Fig. 1, we plot G against
γ0 for various µ at φ = 0.87. For each µ, G is almost
independent of γ0 in the linear response regime, while G
decreases with γ0 in the nonlinear response regime. In
the linear response regime, G for µ > 0 is almost inde-
pendent of µ, but differs from that for µ = 0 [53]. In the
nonlinear response regime, the storage moduli for µ = 0
and µ > 0 are almost identical with each other. It is
noteworthy that the range of the linear response becomes
narrower as µ decreases, and G for µ = 10−5 and 10−4
have second plateaus. We confirm that storage moduli
for various φ depend on the order of the limits:
lim
µ→+0
lim
γ0→+0
G(γ0, µ, φ) 6= lim
γ0→+0
G(γ0, µ = 0, φ). (2)
The dependence of G on µ and γ0 in Fig. 1 can be
explained from the stress-strain curves shown in Fig.
2, where we plot the intrinsic shear stress σ(γ) − σ(0)
against the shear strain γ for various µ at γ0 = 10
−6
and φ = 0.87. For each µ, σ(γ) − σ(0) is proportional
to γ for sufficiently small γ. The proportionality con-
stant for µ > 0 is independent of µ, but is larger than
that for µ = 0, which means Eq. (2). The range of
the linear response becomes narrower as µ decreases, and
the stress-strain curve at µ = 10−6 exhibits a hysteresis
loop which connects the first linear region for sufficiently
small γ with the second linear region. The gradient for
the second linear region is identical to that of the fric-
tionless grains, which results in the second plateau shown
in Fig. 1. This behavior has its origin in the change of
the tangential friction F (t) from the “stick region” to the
“slip region”. See Ref. [56] for the γ0-dependence of the
stress-strain curve.
Scaling law.– Next, we examine how the storage mod-
ulus depends on φ. In Fig. 3, we plot G against φ for
various γ0 at µ = 0.01. For the smallest strain ampli-
tude (γ0 = 10
−6), G exhibits a discontinuous transition
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FIG. 1: (Color online) The storage modulus G against γ0 for
µ = 10−2, 10−3, 10−4, 10−5, and 0 at φ = 0.87.
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FIG. 2: (Color online) The intrinsic shear stress σ(γ)− σ(0)
against γ with µ = 10−4, 10−5, 10−6, and 0 for γ0 = 10
−6
and φ = 0.87.
at φc ≃ 0.84. As γ0 increases, the discontinuity at φc de-
creases and the transition becomes asymptotically con-
tinuous, where G is approximately proportional to φ−φc.
Here, we propose a new scaling law for the storage
modulus near the transition point:
G(γ0, µ, φ) = G
(lin)(µ, φ)F
(
γ0
µb1{φ− φc(µ)}b2
)
, (3)
where F(x) is the scaling function satisfying
lim
x→0
F(x) = 1, lim
x→∞
F(x) ∼ x−c (4)
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FIG. 3: (Color online) The storage modulus G against φ for
γ0 = 10
−6, 10−5, 10−4, and 10−3 at µ = 0.01.
with exponents b1, b2, and c, and we have introduced
G(lin)(µ, φ) ≡ lim
γ0→+0
G(γ0, µ, φ). (5)
In Eq. (3), we have used the jamming point φc(µ) de-
pending on µ [56]. Figure 4 confirms the validity of the
scaling plot characterized by Eq. (3), where we have
determined G(lin)(µ, φ) by the extrapolation of the limit
γ0 → +0 using the data for γ0 ≥ 10
−7. The critical
exponents used in Eq. (3), are given by [56]
b1 = 1.00±0.02, b2 = 0.90±0.02, c = 1.13±0.02. (6)
It should be noted that the scaling law cannot be applied
to the region of the second plateau in Fig. 1
In Eq. (3), we have assume that the critical strain γc
characterizing the crossover from the linear to the non-
linear response regimes is proportional to µb1(φ − φc)
b2 .
The exponents b1 and b2 in Eq. (6) may be understood
as follows. First, γc is expected to satisfy γc ∼ δ
(t)
c
with the critical tangential displacement δ
(t)
c characteriz-
ing the change of the tangential friction F (t) to the “slip
region”. Then, we deduce δ
(t)
c ∼ µF (n) with the aver-
age contact force F (n) ∼ (φ − φc) for grains with the
harmonic repulsive interaction [10, 11]. Thanks to the
above relations, we obtain γc ∼ µ
b1(φ−φc)
b2 with b1 = 1
and b2 = 1, which are not far away from the estimated
values in Eq. (6). We, however, do not identify the rea-
son why the evaluation of b2 deviates a little from the
numerical value.
It should be noted that the scaling form of Eq. (3) is
analogous to that for frictionless case proposed in Ref.
[30], though the µ-dependence is not included and c is
1/2 in the conventional scaling. The main difference be-
tween Eq. (3) and the conventional one is that Eq. (3)
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FIG. 4: (Color online) Scaling plot of G characterized
by Eq. (3). Each symbol in the legend is character-
ized by (γ0, µ), but each one has the data for φ − φc =
0.0001, 0.0002, 0.0005, 0.001, and 0.01. The solid line repre-
sents the scaling function (S16) in Ref. [56].
represents the crossover from the stick to the slip branch,
while the previous scaling deals with the crossover from
the slip to the avalanche branch.
We have also confirmed that the storage modulus
G(lin)(µ, φ) in the linear response regime exhibits a dis-
continuous transition at φc. To give further evidence, we
plot the storage modulus at φc defined as
G0(µ) ≡ lim
φ→+φc
G(lin)(µ, φ) (7)
against µ in Fig. 5, where G0(µ) has a maximum value in
the frictionless limit. We have also found that G(lin)(µ, φ)
satisfies
G(lin)(µ, φ)−G0(µ) ∝ {φ− φc(µ)}
a (8)
with an exponent a = 0.52±0.01. It should be noted that
the previous numerical results suggest a = 1/2 [53, 56].
We have summarized our results by two scaling laws
derived from Eqs. (3) and (8):
lim
γ0→+0
G(γ0, µ, φ) = G0(µ) +A(µ){φ − φc(µ)}
a (9)
for the discontinuous transition in the linear response
regime and
lim
φ→+φc
G(γ0, µ, φ) ∝ G0(µ)
(
µb1(φ− φc(µ))
b2
γ0
)c
(10)
for the continuous transition in the nonlinear response
regime, where A(µ) depends only on µ. We note that
the scaling law, Eq. (10), with b2 = 0.90 and c ≃ 1.13
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FIG. 5: (Color online) The storage modulus G0(µ) for µ > 0
at φc in the linear response region. The smallest value of µ in
this plot is 0.01. The open circle at the origin represents the
result for frictionless grains.
indicates G ∼ (φ − φc)
b2c ≃ (φ − φc) in the nonlinear
response regime. This might suggest that the scaling of
G is identical to that of the pressure P [30].
Discussion.– Let us discuss our results. Tighe reported
that the complex shear modulus G∗ for a model of emul-
sions satisfies G∗ ∼ ω1/2 near φc in the linear response
regime [61]. On the contrary, we have confirmed that the
storage modulus is independent of ω, and the loss modu-
lus is proportional to ω in the linear response regime for
all of the packing fractions [56]. It should be noted that
the static contact friction and the inertia of the particles
exist in our system, but they are not involved in Ref.
[61], which might lead to the different dependence of G∗.
In this Letter, we have proposed the scaling law for
the shear modulus of grains with the harmonic repulsive
interaction. From the analogy of the frictionless case [30],
we expect the exponent b2 = 3/2 for Heltzian contact
model because of the relation γc ∼ δ
(t)
c ∼ µF (n) with
F (n) ∼ (φ − φc)
3/2. The confirmation of this conjecture
will be the subject of further study.
There are some studies to focus on the role of perco-
lation to the jamming [62–65]. In the system exhibiting
a conventional percolation, the critical exponents for the
storage modulus depends on the spatial dimension [66],
but the exponents of the jamming transition are indepen-
dent of the dimensionality, at least, for frictionless grains
[11]. Further careful study on the relation between per-
colation and jamming should be necessary.
An important finding of this Letter is the scaling law
(3) interpolating between the linear and the nonlinear re-
sponse regimes for frictional grains. Somfai et al. found
that the elastic moduli of frictional grains in the linear re-
sponse regime is proportional to the excess coordination
number ∆Z [53]. Based on this result, a recent review
paper suggested that there is no scaling of the mechani-
cal properties as a function of φ−φc for frictional grains
because ∆Z of the frictional grains remains finite even
at φc [2]. Our scaling plot based on Eq. (3), however,
gives a counter evidence of the existence of the scaling
law. We also note that Ref. [53] have ignored the change
of the tangential contact force to the “slip region”, but
this effect becomes significant in the vicinity of φc for fi-
nite γ0 as can be seen in Eq. (3). To our knowledge, this
effect has not been indicated in previous studies.
Concluding remarks.– We have numerically investi-
gated the frictional granular particles. The storage mod-
ulus in the linear response regime for frictional grains
differs from that for frictionless grains even in the zero
friction limit, whereas they are almost identical in the
nonlinear response regime. This dependence on the tan-
gential friction has been explained from the stress-strain
curve shown in Fig. 2. We have also proposed the
new scaling law that interpolates between the discontinu-
ous transition for infinitesimal strain and the continuous
one for finite strain. This scaling law has been verified
through our simulation.
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6Supplemental Materials: **
I. INTRODUCTION
In this Supplemental Materials, we present details and
additional results of our model. We explain the setup of
our simulation in Sec. II. In Sec. III, we demonstrate
the dependence of the complex shear modulus on the
angular frequency ω. Section IV deals with the stress-
strain curves for various γ0. In Sec. V, we explain the
method to determine the exponents for the scaling law
proposed in the main text. We present the method to
determine the transition point depending on the friction
coefficient µ in Sec. VI. In Sec. VII, we show numerical
results for the storage modulus in the linear response
regime.
II. DETAILS OF OUR SIMULATION
In this section, we explain our setup and model. The
position, the velocity, and the angular velocity of the
grain i are, respectively, denoted by ri, vi, and ωizˆ,
where we have introduced the unit vector zˆ parallel to z
axis (perpendicular to the considering plane). The con-
tact force F ij between the grain i and the grain j consists
of the normal part F
(n)
ij and the tangential part F
(t)
ij as
F ij = F
(n)
ij + F
(t)
ij . The normal contact force F
(n)
ij is
given by
F
(n)
ij = F
(n,el)
ij + F
(n,vis)
ij , (S1)
where
F
(n,el)
ij = k
(n)(dij − |rij |)Θ(dij − |rij |)nij , (S2)
F
(n,vis)
ij = −η
(n)v
(n)
ij Θ(dij − |rij |)nij (S3)
with the normal spring constant k(n) and the normal vis-
cous constant η(n). Here, rij , nij , v
(n)
ij , and dij are,
respectively, given by rij = ri − rj , nij = rij/|rij |,
v
(n)
ij = (vi − vj) · nij , and dij = (di + dj)/2 with the di-
ameter di of the grain i. In Eqs. (S2) and (S3), we have
introduced the the Heaviside step function Θ(x) defined
by Θ(x) = 1 for x ≥ 0 and Θ(x) = 0 otherwise.
Similarly, the tangential friction force F
(t)
ij is given by
F
(t)
ij = min
(
F˜
(t)
ij , µ|F
(n,el)
ij |
)
sign
(
F˜
(t)
ij
)
tij , (S4)
where min(a, b) selects the smaller one between a and b,
sign(x) is 1 for x > 0 and −1 for x < 0, and F˜
(t)
ij is given
by
F˜
(t)
ij = k
(t)δ
(t)
ij − η
(t)v
(t)
ij (S5)
with tij = (−rij,y/|rij |, rij,x/|rij |). Here, k
(t), η(t), and
µ are the tangential spring constant, the tangential vis-
cous constant, and the friction coefficient, respectively.
The tangential velocity v
(t)
ij and the tangential displace-
ment δ
(t)
ij are, respectively, given by
v
(t)
ij = (vi − vj) · tij − (diωi + djωj)/2, (S6)
δ
(t)
ij =
∫
stick
dt v
(t)
ij , (S7)
where “stick” on the integral implies that the integral is
only performed when the condition |F˜
(t)
ij | < µ|F
(n,el)
ij | is
satisfied. Additionally, we have introduced the torque Ti
on the grain i as
Ti = −
∑
j
di
2
F
(t)
ij · tij . (S8)
In this model, we apply an oscillatory shear along the
y direction under the Lees-Edwards boundary condition
[S1]. The SLLOD equations of motion are used to stabi-
lize the uniform sheared state as
dri
dt
=
pi
mi
+ γ˙(t)ri,y xˆ, (S9)
dpi
dt
=
∑
j 6=i
F ij − γ˙(t)pi,yxˆ, (S10)
Ii
dωi
dt
= Ti, (S11)
where we have introduced the time dependent shear rate
γ˙(t), the peculiar momentum pi defined by Eq. (S9),
the unit vector parallel to the x-direction xˆ, the mass
mi = piρd
2
i /4, and the moment of inertia Ii = mid
2
i /8.
As an initial state, the disks are randomly placed in the
system with the initial packing fraction φI = 0.75. After
relaxing the system to a mechanical equilibrium state, we
compress the system without shear in small steps until
the packing fraction reaches a given value φ. In each
step, we change the linear system size and the position
of the grain i as
L(ns+1) = L(ns)
√
φ(ns)
φ(ns+1)
, (S12)
r
(ns+1)
i = r
(ns)
i
√
φ(ns)
φ(ns+1)
, (S13)
and relax the grains to the mechanical equilibrium state.
Here, L(ns), r
(ns)
i , and φ
(ns) denote the system size, the
position of the grains i, and the packing fraction at the
ns-th step, respectively. The increment of the packing
fraction is defined by ∆φ ≡ φ(ns+1)−φ(ns). Here, we re-
gard the state for T < Tth as the mechanical equilibrium
state, where we have introduced the kinetic temperature
T ≡
∑
i |pi|
2/(2miN) and a threshold Tth. It should be
7noted that the origin of the coordinate axes is located at
the center of the system.
Let us summarize a set of parameters used in our
simulation. We use k(t) = k(n) and η(n) = η(t) =√
m0k(n), where m0 is the mass of a grain with the di-
ameter d0. This set of the parameters corresponds to
the constant restitution coefficient e = 0.043. We adopt
the leapfrog algorithm with the time step ∆t = 0.05τ ,
where τ is the characteristic time of the stiffness, i.e.,
τ =
√
m0/k(n). The number N of the grains is 4000. We
have checked that the shear modulus is independent of N
for N ≥ 4000. We fix the parameters Tth = 10
−8(k(n)d20),
∆φ = 10−4, and ω = 10−4τ−1 in the main text, but we
have examined the ω-dependence of the complex mod-
ulus in the next section. We have confirmed that our
results in the main text are insensitive to Tth,∆φ and ω
if they are sufficiently small. Here, the storage modulus
G is calculated from Eq. (1) in the main text with the
aid of the shear stress σ(t) given by
σ(t) = −
1
L2
N∑
i
∑
j>i
rij,x(t)Fij,y(t)
−
1
L2
N∑
i
pi,x(t)pi,y(t)
mi
. (S14)
III. FREQUENCY DEPENDENCE OF
STORAGE AND LOSS MODULI
This section deals with the dependence of the complex
shear modulus G∗ = G+ iG′′ on ω in the linear response
regime. In Fig. S1, we show the storage modulus G
against ω for various φ at µ = 1.0 and γ0 = 10
−7. As
shown in Fig. S1, G for each φ is almost independent
of ω for ωτ < 10−2. Hence, we have not discussed the
ω-dependence of G in the main text.
Figure S2 exhibits the loss modulus G′′ against ω for
various φ at µ = 1.0 and γ0 = 10
−7. Here, G′′ is given
by
G′′ =
ω
pi
∫ 2pi/ω
0
dtσ(t) sin(ωt)/γ0. (S15)
As shown in Fig. S2, G′′ is almost proportional to ω.
These ω dependences of G and G′′ indicate that the rhe-
ological properties in our model are essentially described
by the Kelvin-Voigt viscoelasticity. This result is rea-
sonable because the Cundall-Strack model relies on the
Kelvin-Voigt model [S2]. Moreover, the φ-dependence of
G′′ is not clearly visible. Hence, we have investigated
only G in the main text.
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FIG. S1: The storage modulus G against ω for φ − φc =
0.03, 0.003 and 0.0003 at µ = 1.0 and γ0 = 10
−7.
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FIG. S2: The loss modulus G′′ against ω for φ − φc =
0.03, 0.003 and 0.0003 at µ = 1.0 and γ0 = 10
−7. The solid
line represents G′′ ∼ ω.
IV. THE STRESS-STRAIN CURVES FOR
VARIOUS γ0
In this section, we demonstrate the dependence of the
stress-strain curve on γ0. Figure S3 exhibits the intrinsic
shear stress σ(γ) − σ(0) against the shear strain γ for
various γ0 at µ = 10
−6 and φ = 0.87. For γ0 = 10
−7,
σ(γ)−σ(0) is proportional to γ, but the constant of pro-
portionality is larger than that of frictionless grains in-
dicated by the dotted line. The reason for the difference
8in the constant of proportionality is that the increase of
the tangential friction force |F
(t)
ij | in the “stick region”
enlarges σ(γ)− σ(0) for µ > 0 under sufficiently small γ.
As γ0 increases, the stress-strain curve exhibits a nonlin-
ear behavior: a hysteresis loop to connect the first linear
region for sufficiently small γ with the second linear re-
gion for γ > 10−6, where the gradient of the second linear
region is identical to that of the frictionless grains. The
second linear region originates from the fact that |F
(t)
ij |
remains constant in the “slip region” and does not con-
tribute to enlarge σ(γ)− σ(0).
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FIG. S3: The intrinsic shear stress σ(γ) − σ(0) against γ
for γ0 = 3.0 × 10
−6, 1.0 × 10−6, and 1.0 × 10−7 at µ = 10−6
and φ = 0.87. The dotted line indicates σ(γ)− σ(0) for γ0 =
3.0× 10−6 at µ = 0 and φ = 0.87.
V. METHOD TO DETERMINE THE
EXPONENTS
In this section, we explain the method to determine
the exponents in the scaling plot proposed in the main
text. Here, the exponents are determined by Levenberg-
Marquardt algorithm [S3], where we have assumed the
functional form of the scaling function as
F(x) =
1
1 + e
∑
Nn
n=0
An(ln x)n
(S16)
with the fitting parameters Nn = 1, A0 = −1.13± 0.22,
and A1 = 1.13 ± 0.02. We have checked the numerical
estimation of b1 and b2 with Nn ≥ 2, but An for n ≥ 2
are almost 0, implying that the exponent c in Eq. (4) of
the main text is approximately equal to c ≈ A1 = 1.13.
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FIG. S4: The storage modulus G against φ at µ = 0.01 and
γ0 = 10
−7. “Sample 1” and “Sample 2” indicate the data
obtained from different initial configurations, respectively.
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FIG. S5: The plots of transition points φc againstµ.
VI. DETERMINATION OF TRANSITION
POINT
In this section, we explain the method to determine
the transition point φc(µ). To estimate φc(µ), we first
prepare assemblies with different packing fractions ob-
tained from the same initial configuration of grains with
the friction coefficient µ. Then, we apply the oscillatory
shear to measure G for sufficiently small shear amplitude
(γ0 = 10
−7), and plot G against φ as shown in Fig. S4,
which plots the data at µ = 0.01 and γ0 = 10
−7 ob-
9tained from different initial configurations. G changes
discontinuously around φ = 0.84, but the critical frac-
tion depends on the initial configuration. Then, we de-
fine φc(µ) for each initial configuration as the minimum
value of φ where G for a given initial configuration ex-
ceeds Gth = 10
−3k(n). In Fig. S5, we plot the average
of φc(µ) against µ. φc(µ) decreases with increasing µ,
which is consistent with the previous numerical results
[S4, S5].
VII. THE STORAGE MODULUS IN THE
LINEAR RESPONSE REGIME
In this section, we investigate the storage modulus in
the linear response regime. Figure S6 plots G0(µ) against
the the excess coordination number Z0(µ)−Ziso for var-
ious µ, where Z0(µ) and Ziso = 3 are the coordination
number at φc and the isostatic value of the coordina-
tion number for two dimensional frictional grains, respec-
tively. As shown in Ref. [S6], G0(µ) satisfies
G0(µ) ∝ Z0(µ)− Ziso. (S17)
It is known that Z0(µ) continuously decreases with in-
creasing µ from the isostatic value, 4, for frictionless
grains [S4–S7]. Z0(µ) in our model exhibits the iden-
tical behavior as shown in Fig. S7. It should be noted
that Z0(µ) in our system under oscillatory shear is quali-
tatively consistent with that of the previous result under
steady shear [S5]. These results explain the decrease of
G0(µ) with increasing µ shown in Fig. 5 of the main text.
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FIG. S6: G0(µ) against Z0(µ) − Ziso for µ = 0.01, 0.05, 0.1,
0.2, 0.3, 0.5, 0.7, and 1.0. The solid line represents Eq. (S17).
We have also found that G(lin)(µ, φ) satisfies Eq. (8)
in the main text, which is verified in Fig. S8. In the inset
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FIG. S7: The coordination number Z0 at the transition
point φc against µ for the present system under oscillatory
shear and the system in Ref. [S5] under steady shear.
of Fig. S8, we plot the exponent a evaluated by the least
squares method against µ, which is almost independent
of µ and estimated as a = 0.52± 0.1.
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FIG. S8: G(lin)(µ, φ)−G0(µ) against φ− φc(µ) for µ = 0.01,
0.05, 0.1, 0.5, and 1.0. The solid line represents Eq. (8) in the
main text with a = 1/2. (Inset) The exponent a evaluated by
the least squares method against µ. The solid line represents
a = 1/2.
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